Abstract. Let A-be a normal quartic surface whose resolutions are birationally equivalent to elliptic ruled surfaces. We classify the singularities on X and then describe the global structure of X. 0. Introduction. It is known [3] that the minimal resolution of a normal quartic surface in P3 over an algebraically closed field k of characteristic ¥= 2,3 is either (i) a K3 surface, (ii) a rational surface, (iii) birationally equivalent to an elliptic ruled surface, or (iv) a ruled surface of genus 3. We shall investigate the structure of normal quartic surfaces of type (iii). In the sequel we call such a surface simply a quartic surface of elliptic ruled type.
2.
Since wx = Ox, there exists a unique effective anticanonical divisor on X whose connected components correspond by it to singular points with pg > 1 on X. We denote this divisor by D. (ii) /i, is a blow-up with center at a point on supp( Z>,_,) Pi supp( 77,■_,); (iii) 7), = /x*( £>,_,) -£, where £, is the exceptional curve of the first kind for /x, (1 *Si <«). Lemma 3. On the elliptic ruled surface X -» C, the effective anticanonical divisor D is one of the following types:
(i) D = C0 + Cx, where CQ is a minimal section of w and C, is another section disjoint from CQ.
(ii) D -2C0 + 2/, where C0 is as above and the f/s are fibres of w.
First, in §1, we make a list of possible singularities on X with p > 1. After that, restricting ourselves to the case of characteristic 0, we study the structure of X in detail using the sequence of blow-ups as in Lemma 2. We note that M. Kato and I. Naruki are studying the singularities on normal quartic surfaces to get similar results. However, their method is the analysis of homogeneous polynomials of degree 4, which is quite different from ours.
Recently I received a manuscript from D. Epema, in reply to my letter enclosing my manuscript of the present paper, in which he also studies singular surfaces of the same kind. 1 . Types of singularities on X. In this section we assume that A' is a normal quartic surface of elliptic ruled type, and we list the possibility of the types of singularities on X with positive geometric genus. It will be shown later that every member in our list really appears as a singularity on a normal quartic surface of elliptic ruled type. Lemma 4 . The multiplicity of each singular point on X is equal to two.
Proof. Let P be a singular point on X, and let p: X -» P2 be the projection with center at P. If multP X = 4, then X is a cone over a plane quartic curve, and hence the minimal resolution of A" is a ruled surface of genus 3. If mult p X = 3, then p turns out to be a birational map onto P2, so X is rational. Therefore we have mult/, X =2. Q.E.D.
By the lemmas in §0, the singularities on X with pg 3= 1 are either two simple elliptic singularities or a singularity with pg = 2. In what follows we use the notation of §0. Proposition 1. If X has two simple elliptic singularities, then they have the same type £7 or £8.
Proof. Let P and Q be the two simple elliptic singular points on X. We first show that the line / through P and Q in P3 does not he on X. Indeed, if / is contained in X, let / be the proper transform of / on X. Then In C0¥= 0, In C, ¥= 0 and / • 77 = 1, where ~ means the proper transform in X. Since / is isomorphic to P1, p.(l) must be a fibre of X on which there is no center of the blow-ups jtt: X -> X. So 77 •/ = 1 for any fibre / of X and we get a contradiction because 77 is a curve of genus 3.
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To prove the proposition, it is enough to show that if P is of type £7, then so is Q, since a simple elliptic singularity of multiplicity 2 is either of type £7 or £8. Consider the following commutative diagram:
where p is the projection from X with center at P, ttx: X' -» X is the blow-up with center at P, tt2: X" -» A" is the normalization of A' and g: Y -> P2 is the finite morphism of degree 2 obtained by the Stein factorization of / ° tt2. The degree of the branch locus of / is equal to 6, and X' is not normal since P is of type £7 (Laufer [2] ). Therefore, the degree of the branch locus of g is less than or equal to 4. Since / E X, there is a neighbourhood U of Q in X such that U is transformed by ir{}, tt2x
and h isomorphically into Y. So Y has a simple elliptic singularity which is isomorphic to Q. Thus by the classification of plane curves of degree less than or equal to 4 (cf. Hidaka and Watanabe [1] ), we prove that Q is of type £7. Q.E.D.
Proposition 2. Suppose X has a singular point P of geometric genus equal to two. Then the exceptional set for the minimal resolution of P is one of the following four types:
where each curved line stands for a nonsingular elliptic curve whose self-intersection number is equal to -1 in (i), -2 in (ii)-(iv), and any straight line denotes a nonsingular rational curve with self-intersection number -2.
(The symbols of these four types of singularities are due to S. S.-T Yau.) Proof. Since pg(P) = 2, and P is a Gorenstein singularity, we have pa(P) = 1 (Hidaka and Watanabe [1] ). So we can define the elliptic sequence ZB,...,ZB according to Yau [4] . By definition, every ZB is an effective divisor supported on the exceptional set supp(7?) on X. By Lemmas 2 and 3, supp(Z>) is with simple normal crossings and has nonsingular elliptic curve C0 as a component. Therefore, by the property of the elliptic sequence (Theorem 3.7 of [4] (1)ZB,+| = C0; ' (2)Z2o^---<Z2;+|<0; (3) %VQZl -K2x-= -n (n being the number of blow-ups in p.: X -* A"); (4) 2 > -%=,Z\.
(Although Yau's proof is for the case when k = C, it is easy to check that (l)-(4) remain true in our situation for any algebraically closed field k.) From these we see that all possibilities are as follow:
Now we can choose a relatively minimal model A of A so that C02 = C02. Indeed, if C02 > Cq for an A, there exists a point P0 on C0 such that ju: X -» X factors through the blow-up ju,',: X'x -X with center at P0. Hence, there is a morphism ju': A -» X', where X is the image of the elementary transformation of A" with center at P0, so A' is another relatively minimal model of X whose minimal section Q satisfies In (c-l)-(c-5), ju. and 7? are described in the following figures:
where P, is the center of /x, (the order of the blow-ups may be changed), the bold lines denote the support of the effective anticanonical divisor 7), on each step, while the dotted lines are the exceptional curves of the blow-ups which do not appear in 
remain effective on Yn. When there is no danger of confusion, we also denote by Pt the image on Y of the point P, E y,_,.
Let C be a nonsingular curve and £ a vector bundle of rank 2 on C. Assume £ is the direct sum of two line bundles. Then the ruled surface P(E) -> C has a section which is disjoint from a minimal section. We denote such a section by C,; we denote a minimal section by C0, as before. In general these sections are not uniquely determined, but we fix a pair (C0,CX) once and for all on P(£) unless otherwise mentioned. Conversely, any quartic surface of elliptic ruled type with at least one of these four types of singularities is obtained by the construction above.
Remark. Without condition (*), (l)- (3) of Theorem 1 hold. But in this case 77 turns out to be a hyperelliptic curve so 77 defines a morphism of degree 2 onto a normal quadric surface in P3 (cf. Lemmas 6 and 7 in §3). Furthermore, it will be shown in §5 that the case (c-3) occurs only if we remove condition (*). Then (1) there exists a unique point P2 on X (possibly an infinitely near point) such that |3CI-2P,|=|3C1-2P1-P2|.
Let jti: X -* X be the blow-up of (Px, P2) and H the proper transform by ju of a general member in \ 3C, -2P, -P21. Then we have:
(2)Bs|77| = 0; (3)dim|77| = 3, 7Y2 = 4; (4) 77 is a nonhyperelliptic curve. Therefore, H defines a birational morphism from X to a normal quartic surface X E P3 with singularities of type 2£8 or £1 + Ax.
Conversely, any quartic surface of elliptic ruled type with at least one of these two types of singularities is obtained by the construction above.
Remark. Even if we take D = C0 + Cf and P, E supp(Cf) such that Oc(Px) ^ L and Oc(2P|) s L2, (l)-(3) of Theorem 2 hold. But then H is hyperelliptic and the image of the morphism defined by 77 is a nonsingular quadric surface in P3 (cf. Lemma 9 and the end of §4).
Corollary.
Let X be a quartic surface of elliptic ruled type. Then the singular set of X is one of the following types, and each of them really occurs: \2E-j, a subgraph of A3j, {£1 + Ax + A,, a subgraph of A,}, (£1+0(3)}, {£1+73(4)}, {2£8}, {£1 +AX).
3. Proof of Theorem 1. A, D, P,, P2 and P3 are as in the theorem, but at first we do not assume condition (*).
Proofs of (l)-(3). Set A =|2C, -P, -P2 -P3\. Since Ac |2C, -P, -P2| C |2C, -P, | C |2C, |, as is easily shown in each case, and since dim|2C, | = dim 77°(C, Oc © £ © £2) -1 = 6, we have dim A = 3. First we take D = C0 + Cf, where Cf is a section. By Cf ~ C,, we may assume D = C0 + C,. Since 2C, • Cx = 4 and C, is an elliptic curve, we can define a unique point P4 lying on the proper transform of C, on the blow-up of (P,, P2, P3) of Xsuch that A=|2C,-P,-P2-P3-P4|.
Let/ denote the fibre on X through P, (1 < i < 4). Since CC](P, +P2 + P3 + P4)^ 0Ci(2Cx) s £2, identifying C, and C via w, we find the following four elements of A: 2C0 + 2?=,/, Q) + k + k + ci< co + fi+k+c\ and 2Ci> where the f/s (5 <j < 8) are fibres disjoint from each other and from / (1 < i < 4) such that f5 + /6, /7 + /8 E| to*£ |. Let s0,...,s3 E H°(X,Ox(2Cx)) denote the defining equations of the above four divisors. Obviously the s,'s are linearly independent, and hence form a basis of A. Therefore, letting 77 be a general member of A we define /x: X -X and 77 as in the theorem and deduce that: the base points of A are exactly P,, -P4; Bs|77|= 0; dim 1771 = dim A = 3 and 77 is nonsingular at P,,..., P4. . Hence, we get a contradiction because C2 = 2 ■ ro2 = -4. Thus/(C) is a point, and so Z has a singular point on g"'(ro) which is not a rational double point.
Suppose n = \. Then B ■/= 2. From this we easily see that Z has at worst rational double points. Suppose n = 2; then B ~ 4TQ + 8/ If ro ^ B, then Z is smooth over T0 since T0 ■ B = 0. Hence B = TQ + B0 for some reduced effective divisor B0 not containing ro. But since B0 ■ T0 = 2, in this case also Z has only rational double points over T0, a contradiction.
Q.E.D. 
Q.E.D.
Now we return to the proof of Theorem 1. To prove that A is really a quartic surface under the assumption of (*), it suffices to apply Lemma 6 to the case of Y = X (and so 77 = 77, D = D) and combine it with the following Lemma 7. The nonexistence of curves on X satisfying (**) is equivalent to condition (*).
Proof. If there is a section C on A such that C ~ C" C «fc D and C 3 P" P, for some i, j (\ < i <j < 3), then clearly the proper transform of C on A satisfies (**)■ Conversely, suppose there exists on A a curve C satisfying (**). Put C = tt(C), and ri = mult^ C'(l < i < 4). Since C • C0 = 0, we have C • C0 = 0, so C = mCx for some m E Z. Therefore we have So we get m -1 and 2>, = 2. We may assume r, = 1 and r2 = 0. If r3 = 1 and r4 = 0, there is nothing to prove. Assume r3 = 0 and r4 = 1. This is the case of D -C0 + Cf or (c-1) or (c-2). Let C" be a section which is disjoint from C0 and passes through P2, and let D \c" = P2 + P3. Since P3 ^ P4 as points on A", we can define A' =|2C, -P, -P2 -P4| and we have C + C" E A'. But, in fact, A' coincides with A =| 2C, -P, -P2 -P3 -P41. Therefore, P3' = P3 and hence C" is a desired section. Q.E.D. X' -» C and four points Pf, P2 E Q, P3, P4 E Cf admitting infinitely near points such that n' is the blow-up of (P[, P{, P3, P4) and n'(C0 + Cx) = Cq + Cf. We may assume_c>^(C;) |c, = £' and 0^(C^) |c, = L"x. Set 77' = ^'(^7) and r/ = multf/77'. First we prove (l)-(3) without assuming condition (*). Let A denote the linear system |3C, -2P, | on A. Then we get dim A = 3 because dim|3C, |= 6, dim | 3C, -P, |= 5, and 13C, -P, | contains two elements whose tangents at P, are different from each other. If D -C0 + Cf where Cf is a section of w, we may assume Cf = C,. Consider the following elements in A: 3C,, 2C, + C0 +/0, C, + 2C0 + /, + /,' and 3C0 + 2/, + f2, where the /'s and /,' are fibres of w such that /0 e|w*L|, /, passes through P,, /, +/,' E|w*L2| and 2/, +/2 E|w*£3|. Clearly the defining equations of these four divisors are linearly independent in H°(X, 0^(3C,)) and so form a basis of A. Let P2 denote the intersection of f2 with C,, by the identification of P2 with a point on the proper transform of C, in the blow-up of X with center at P, if /, -f2. Then the basepoints of A are exactly 2P, + P2 in the infinitely near sense and we deduce (l)-(3) as in the proof of Theorem 1. If D = 2C0 +/0, let 77 denote a general member of A such that 3C0 + 3/0, 2C0 + 2/0 + Cx, C0+ f0 + C2 and 77 correspond to a basis of A, where C2 is an element of |2C, | passing through P, and not containing C0. Let P0 [resp. P2, P3, Px] denote the point on A such that the intersection of /0 with C0 [resp. 77, C2,CX] is P0 [resp. 2P, + P2, P, + P3, PJ. Then we will show that P0, Px, P2, P3 and Px are different from each other. By our hypothesis there is an affine coordinate t on f0 = Px such that t = 0,1, oo at P0, P,, Px, respectively. Let t -a at P2 and / = R at P3 for some a, /? E ^ {oo}. Set X -| 3C, ||/o. We have C ~ 2Cf, C |c] = 2P, in the former case, and C ~ Cx, C \c, = P2 in the latter case. Anyhow we get Oc(2Px) = £2 since 6>C/2P, + P2) s £3. Conversely, let D = C0 + Cf and Oc;(2P,) s £2. Then there exists on X an irreducible curve C with a double point P, such that C'~2C,.
The proper transform of C on X satisfies (**) in Lemma 6 and hence A" is a normal quadric surface. Q.E.D.
Suppose A" is a quartic surface of elliptic ruled type with at least 2£8 or £1 + Ax as singularities. Let tt: X -> X be the minimal resolution of X, and let 77 be the Hence m = r, + r2 = 3. Since we may assume r, > r2, we get r, = 2. Q.E.D.
Finally assume 7) = C0 + Cf and 0Ci(Px) = L, or 7) = 2C0+/0 and P, E supp(C,), i.e. P, is the intersection of/0 with C,. Then, by the basis of A =| 3C, -2P, | taken in the proof of (l)- (3), we see that the proper transform of a general member of A on A must have a fixed component, a contradiction. The necessity of condition (*) follows from Lemma 9.
Therefore we complete the proof of Theorem 2. Suppose D = C0 + Cf, Oc.(Px) ^ £ but Oc;(2P,) s £2. Let s0,... ,s3 denote the basis of A in the first part of this section. Since /, = /,' in this case, we get s0s3 -sxs2. Therefore the induced hypersurface A in P3 is defined by the equation A0Ar3 = A", A2 for some homogeneous coordinates (A0, A,, A2, A3) of P3. Hence, X is a nonsingular quadric surface.
5. Proof of the Corollary. Let tt: X -» X denote the minimal resolution of X. Looking at the construction of A described in Theorems 1 and 2, but at first without minding condition (*), we can list the possible configuration of curves on X which are disjoint from 77 (notation is the same as in Theorems 1 and 2), i.e. the possible configuration of the exceptional curves for tt, as fillows:
(2£7, a subgraph of A3), {£1 + Ax + Ax, a subgraph of Ax + Ax),
The possibility of {£1 + Ax + Ax, Ax, Ax) arises when we take (P,, P2, P3) in Theorem 1 so that (P,, P2, P3, P4) are in the position of (c-3). But in this case the sections of w through P, must pass through P3. Indeed, suppose 77 E| 2C, -P, -P2 -P31 cuts 2P, on/, and 2P3 on/2. Let C be a section through P, and disjoint from C0, and let P3 and P0 denote the intersections of/2 with C and C0, respectively. Set we get dim 12C, | ^ +/, = 3, and hence dimX^dim|2C, -P, -P2||/,+/2 = 1-Therefore, from 2P0, 2P3, 2P3' E X and P0 ¥= P3, P3, we deduce that P3 = P3'. So condition (*) does not hold in this case.
For the other cases, we can choose (Px, P2, P3) or P, in Theorems 1 or 2 corresponding to them so that condition (*) is satisfied. This can be proved directly in each case by choosing P, avoiding the finite points which do not satisfy the required conditions. Examples in §6 also show the existence of quartic surfaces with these types of singularities. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
